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Clifford theory provides well behaved character correspondences
between different groups which have isomorphic quotients. Given
one such quotient group, we deﬁne the Brauer–Clifford group.
We show that each character of the original groups gives rise
to a speciﬁc element of the Brauer–Clifford group. When two
characters of different groups yield the same element of the
Brauer–Clifford group, we obtain a very well behaved character
correspondence between the characters of the different groups,
which preserves not only induction, restriction, multiplicities, but
also ﬁelds of values for the corresponding characters, and Schur
indices. We also show that the Brauer–Clifford group has a natural
homomorphism into a Brauer group. The Brauer–Clifford group can
be thought of as a reﬁnement of the previously introduced Clifford
classes.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Clifford theory plays a central role in the representation theory of ﬁnite groups. Clifford theory
helps us transfer detailed knowledge of the representation theory of the known ﬁnite simple groups to
new and better understanding of the representation theory of arbitrary ﬁnite groups. Clifford classes
were introduced to help describe the Schur indices for families of groups closely connected to the
ﬁnite simple groups. They have also proved helpful in proving general properties of representations
of ﬁnite groups. For example, they were used in the proof [9] for solvable groups of a strengthen-
ing of the McKay conjecture conjectured in [8]. In the present paper, we deﬁne the Brauer–Clifford
group, which controls Clifford classes, which appears to be more suitable to deﬁne character corre-
spondences, and which may be easier to deal with than Clifford classes. In a forthcoming paper, we
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ening [8] of the McKay conjecture for all p-solvable groups.
The concept of Clifford classes was introduced in [3], but the name Clifford classes was introduced
in [5]. Given any ﬁnite group G/N and any ﬁeld F of characteristic zero, a set Clif(G/N, F ) is natu-
rally deﬁned. Clifford classes have already proved useful to obtain complete descriptions of the Schur
indices of all the irreducible characters of certain families of classical groups, see for example [5,6].
The idea is roughly as follows. The classical group G has a normal subgroup N such that G/N is
cyclic, and we are interested, not only in the characters of G , but also in the characters of every
subgroup of G that contains N . For G/N cyclic, Clif(G/N, F ) can conveniently be described. Every ele-
ment of Clif(G/N, F ) describes the Schur indices of a whole collection of irreducible characters of the
various relevant groups, and this can be made explicit. The description is then completed by calculat-
ing exactly which element of Clif(G/N, F ) is associated with each irreducible character of the classical
group G . Clifford classes have also been used for Schur index calculations in solvable groups [1,2].
The present paper presents a reﬁnement of the Clifford classes. In effect, we reﬁne the Clifford
classes by ﬁxing their center. To calculate the possible center algebras of each equivalence class of
central simple G-algebras is fairly straightforward. We then calculate equivalence classes of central
simple G-algebras with the given ﬁxed center, where the new deﬁnition of equivalence requires that
isomorphism preserve the center elementwise. The set of all such equivalence classes with a given
center forms the Brauer–Clifford group. We use the name Brauer–Clifford group because its deﬁnition
is, in some ways, analogous to the (classical) deﬁnition of the Brauer group, and because its main pur-
pose is to describe eﬃciently Clifford theory. We show that the Brauer–Clifford group can be used to
recover the Clifford classes, and that it can also be used to prove excellent character correspondences
between groups.
In Deﬁnition 3.3, we deﬁne a G-algebra over Z to be a G-algebra whose center is canonically
identiﬁed with the G-algebra Z , where G may act non-trivially on Z . We then deﬁne the concepts
of central and simple for such algebras, as well as the concept of equivalence for such algebras in
Deﬁnition 3.9. We obtain, Theorem 3.10, an abelian group for each central simple commutative G-
algebra Z over a ﬁeld F . We study the relationship between Clifford classes and the Brauer–Clifford
group, obtaining, in particular, a characterization of Clifford classes in terms of Brauer–Clifford groups
in Corollary 6.6. We then describe how we can use the Brauer–Clifford group to characterize Clifford
theories for ﬁnite groups in the presence of normal subgroups, see Deﬁnition 7.7 and Theorem 7.12.
Finally, we show that the Brauer–Clifford group has a natural group homomorphism into a Brauer
group, Theorem 8.2. In a forthcoming paper, we will show that the kernel of this homomorphism can
be described in terms of a second cohomology group.
Note that we systematically write all functions on the left, and compose them from right to left.
This allows us, in particular, to compose characters with elements of Galois groups. We also use left
exponential notation (i.e. ga for the action of a group element g on an algebra element a). If K/L is a
ﬁeld extension, we denote by Gal(K/F ) the group of all L-automorphisms of K .
2. Reminders and notation
We begin by reviewing some basic deﬁnitions and results, see [3,4,7] for details.
Let G be a ﬁnite group, and let F be a ﬁeld. We denote by FG the group algebra of G over F . A G-
algebra is a ﬁnite dimensional associative algebra A over F with identity together with a homomor-
phism from G to the automorphism group of A. A G-algebra is simple if it has exactly two G-invariant
two sided ideals. A G-algebra A is central if CZ(A)(G) = F , that is, the centralizer of the action of G
on the center of A is only F . A G-algebra T0 is trivial if there is some non-zero FG-module N such
that T = EndF (N) and the action of G on T is by conjugation and T  T0 as G-algebras over F . Two
central simple G-algebras A and B are equivalent if there exist trivial G-algebras T1 and T2 such that
A ⊗F T1  B ⊗F T2
as G-algebras over F . The Clifford set of G with respect to F is the set Clif(G, F ) of equivalence classes
of central simple G-algebras.
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Clif(G, F ). Hence, [[A]] ∈ Clif(G, F ).
The deﬁnition of the Clifford set is analogous to the classical deﬁnition of the Brauer group of a
ﬁeld F . We denote by Br(F ) the Brauer group of F . If A is a central simple algebra over F (without
any G-action), we denote by [A] the equivalence class of A in Br(F ), so [A] ∈ Br(F ).
By [4, Theorem 2.2], given a central simple G-algebra A over F , then its center Z(A) is a cen-
tral simple commutative G-algebra over F , whose structure only depends on the class [[A]] of A in
Clif(G, F ). We denote by Z([[A]]) the central simple commutative G-algebra Z(A), which is unique up
to isomorphism. The basic structure of the center is described in the following lemma.
Lemma 2.2. Let A be a commutative central simple G-algebra. Let e1, . . . , eα be the primitive idempotents
of A, and set Ki = ei A for i = 1, . . . ,α. Set I = CG(K1). Then
• dimF (A) = [G : I].
• For i = 1, . . . ,α, Ki is a ﬁeld and Ki/ei F is a Galois extension, and the action of CG(ei) on Ki induces an
isomorphism of CG(ei)/CG(Ki) onto the Galois group Gal(Ki/ei F ) of Ki/ei F .
• G acts transitively on {e1, . . . , eα}.
Proof. See Lemma 2.1 in [4]. 
The elements C ∈ Clif(G, F ) for which Z(C) = F play a special role in the structure of Clif(G, F ),
see [7].
Deﬁnition 2.3. Let G be a ﬁnite group and let F be a ﬁeld. Then, the interior subgroup of Clif(G, F ) is
the set IClif(G, F ) of all classes in Clif(G, F ) of central simple G-algebras A such that Z(A) = F . Hence,
IClif(G, F ) = {C ∈ Clif(G, F ): Z(C) = F}.
Even though there is no natural multiplication on the whole set Clif(G, F ), there is a multiplication
whenever at least one of the two elements is in IClif(G, F ).
Deﬁnition 2.4. Let A, B be central simple G-algebras over F , and suppose that either [[A]] ∈ IClif(G, F )
or [[B]] ∈ IClif(G, F ). Then A ⊗F B is a central simple G-algebra over F , and the class [[A ⊗F B]] ∈
Clif(G, F ) depends only on [[A]] ∈ Clif(G, F ) and [[B]] ∈ Clif(G, F ). We set
[[A]][[B]] = [[A ⊗F B]].
It is proved in [7] that the above multiplication gives to IClif(G, F ) the structure of a group, and
deﬁnes an action of this group on the set Clif(G, F ).
3. The Brauer–Clifford group
As remarked earlier, given a central simple G-algebra A over F , then its center Z(A) is a cen-
tral simple commutative G-algebra over F , whose structure only depends on the class [[A]] of A
in Clif(G, F ). For G-algebras with a given center, it is natural to reﬁne the deﬁnition of the Clif-
ford classes to take into account how this center is embedded. Notice that if A is a central simple
G-algebra whose center is Z , and T is a trivial G-algebra over F , then the center of A ⊗F T is canon-
ically isomorphic to Z as G-algebras over F . Hence, it is natural to deﬁne a slightly more restrictive
equivalence among central simple G-algebras when they have a given center.
Deﬁnition 3.1. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra
over F . By a central G-algebra over Z , we mean a G-algebra A over F together with a G-algebra over F
isomorphism between Z(A) and Z .
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isomorphism of Z with the center of A, and, instead, we will identify Z and Z(A).
Deﬁnition 3.3. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra
over F . Let A be a central G-algebra over Z . By a central simple G-algebra over Z we mean a central G-
algebra A over Z which is simple as a G-algebra over F , that is, has exactly two distinct G-invariant
ideals, A and 0.
Our next goal is to deﬁne the Brauer–Clifford group. This group is deﬁned in a way totally parallel
to the classical deﬁnition of the Brauer group of a ﬁeld but using the above deﬁnition of central
simple G-algebras. We proceed by showing that even though the center of our algebras is no longer
a ﬁeld, it behaves in some important respects like one. Hence, many of our proof follow very closely
the classical ones for ﬁelds. An alternative approach (which some readers might prefer) would be to
use primitive idempotents in the center of the algebras to reduce many of the properties we need to
the standard known case when the center is a ﬁeld. This second approach would shorten some of the
proofs but at the expense of additional arguments to be able to quote the original results for ﬁelds.
Lemma 3.4. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra over F . Let
A be a central G-algebra over Z . Then, A is free of ﬁnite rank as a module over Z .
Proof. Since Z is ﬁnite dimensional over F , it has some primitive idempotent e1. Let e1, . . . , en be
the G-orbit of e1. By Lemma 2.2, e1, . . . , en are all the primitive idempotents of Z , and ei Z is a ﬁeld
for i = 1, . . . ,n. Hence, ei A is a vector space over ei Z , and, as G acts transitively on the e1, . . . , en ,
the dimension of this vector space does not depend on i. We let d be this common dimension. For
i = 1, . . . ,n, let vi,1, . . . , vi,d be a basis for ei A as a vector space over ei Z . We set, for j = 1, . . . ,d,
w j = v1, j + · · · + vn, j .
Then w1, . . . ,wd is a free basis for A over Z . 
Lemma 3.5. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra over F . Let
A and B be central simple G-algebras over Z . Then, A ⊗Z B is a central simple G-algebra over Z .
Proof. A⊗Z B is a G-algebra over F . By Lemma 3.4, A and B are free as Z -modules, let a1, . . . ,ad1 be
a free basis for A over Z , and let b1, . . . ,bd2 be a free basis for B over Z . Then A ⊗Z B is free over Z ,
and the ai ⊗Z b j form a Z -basis for it. It follows that each element of A ⊗Z B can be written in the
form
∑d2
j=1(λ j ⊗Z b j) for some unique λ1, . . . , λd2 ∈ A. Let c ∈ Z(A ⊗Z B). Then
c =
d2∑
j=1
(λ j ⊗Z b j)
for some unique λ1, . . . , λd2 ∈ A. Since A is a central G-algebra over Z , it follows that λ1, . . . , λd2 ∈ Z .
Hence, c = 1⊗Z b for some b ∈ B . The elements of the form 1⊗Z b′ are all distinct for distinct b′ ∈ B .
Hence, b ∈ Z(B) = Z . It follows that A ⊗Z B is a central G-algebra over Z .
Suppose J is a non-zero G-invariant two sided ideal of A ⊗Z B . Let e1, . . . , en be the primitive
idempotents of Z . By Lemma 2.2, G acts transitively on e1, . . . , en . Then, there is some i such that
ei J = 0. Since J is G-invariant, this implies that e1 J = 0. Let α ∈ e1 J . Then, we can write
α =
d2∑
j=1
(λ j ⊗Z b j)
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of λ1, . . . , λd2 to be non-zero. For simplicity, we assume that λ1, . . . , λm are non-zero and λm+1 =· · · = λd2 = 0, where m  1. Since α = e1α, λ1, . . . , λd2 ∈ e1A. Since e1A is semisimple as an algebra,
and its center is e1 Z which is a ﬁeld, e1A is simple as a ring. Since λ1 = 0, the two sided ideal it
generates in e1A is e1A, and it follows that there is some element
α =
d2∑
j=1
(λ j ⊗Z b j)
such that α ∈ e1 J , λ1, . . . , λd2 ∈ e1A, λ1 = e1 and λm+1 = · · · = λd2 = 0. In particular, α = 0. For every
a ∈ A, we have
(a ⊗Z 1)α − α(a ⊗Z 1) ∈ e1 J ,
and the minimality of m implies that a commutes with each λ1, . . . , λd2 . Hence, λ1, . . . , λd2 ∈ e1 Z .
This implies that we may write
α = e1 ⊗Z b
for some b ∈ e1B . Again, e1B is a simple ring, so the two sided ideal that b generates in e1B is all
of e1B . It follows that e1 ⊗Z e1 = e1 ⊗Z 1 ∈ J . Since J is G-invariant, it follows that 1⊗Z 1 ∈ J , which
implies that J = A ⊗Z B . Hence, A ⊗Z B is a central simple G-algebra over Z , as desired. 
Deﬁnition 3.6. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra.
Let A be a central simple G-algebra over Z . We deﬁne the opposite G-algebra Aop to have the same
underlying set as A, with the same addition, same action by G , and a multiplication that is opposite
to that of A. Since Z(A) = Z(Aop) as algebras, we keep the same identiﬁcation with Z . Then Aop is a
central simple G-algebra over Z .
Lemma 3.7. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra. Let A be a
central simple G-algebra over Z . Let M denote the same underlying set as A but viewed only as a Z-module.
The action of G on M deﬁnes an action of G on EndZ (M). Then EndZ (M) is a central simple G-algebra over Z ,
and
A ⊗Z Aop  EndZ (M),
as G-algebras over Z .
Proof. By Lemma 3.4, we know that A is a free module of ﬁnite rank over Z , and it follows that
Z(EndZ (M)) = Z , and EndZ (M) is a central algebra over Z . By Lemma 3.5, A ⊗Z Aop is a central
simple G-algebra over Z . We view M as an A ⊗Z Aop-module as follows. For a ∈ A, b ∈ Aop, m ∈ M ,
we set
(a ⊗Z b) ·m = amb
where the two products on the right are from the algebra structure of A. It is straightforward to check
that this can be extended uniquely to deﬁne an A ⊗Z Aop-module structure on M . This provides the
module structure on M . We let ρ denote the corresponding representation homomorphism. Notice
that the action of Z on M induced from this module action is the same as the multiplication action
of Z on M when we view Z as a subalgebra of the algebra A. Hence, we may view ρ as
ρ : A ⊗Z Aop → EndZ (M).
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as a vector space over F . Furthermore, the action of G on A, yields on M also the structure of a
G-module over F . The action of G on M induces on EndZ (M) the structure of a G-algebra over F .
Indeed, if φ ∈ EndZ (M) and g ∈ G , we set gφ : M → M to be deﬁned by
gφ(m) = g(φ(g−1m))
for all m ∈ M . It is straightforward to check that this does deﬁne on EndZ (M) the structure of a
G-algebra over Z . Furthermore, for a ∈ A, b ∈ Aop, g ∈ G , and m ∈ M , we have
g(a ⊗Z b) ·m = g
(
ag
−1
mb
)
,
which implies that ρ is a homomorphism of G-algebras over Z . Since A⊗Z Aop is a simple G-algebra,
this implies that ρ is injective. By Lemma 3.4, as a Z -module, A is free of ﬁnite rank, say r. It then
follows that Aop is also a free Z -module of rank r, and that both A ⊗Z Aop and EndZ (M) are free
Z -modules of rank r2. In particular, they have the same dimension as vector spaces over F . It then
follows that ρ is surjective. Hence, ρ is an isomorphism of G-algebras over Z . This completes the
proof of the lemma. 
Remark 3.8. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra
over F . Let A be a central G-algebra over Z . Suppose T is a G-algebra over F and Z(T ) = F . Then,
A⊗F T is a G-algebra over F , and Z is canonically isomorphic to its center Z(A⊗F T ) = Z ⊗F F under
the map z → z ⊗F 1. Hence, we view the G-algebra A ⊗F T as a central G-algebra over Z .
For easy reference, we now give the full deﬁnition of the Brauer–Clifford group and some related
concepts. We will justify the use of the words equivalence class and group in our next theorem.
Deﬁnition 3.9. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra
over F . We deﬁne the Brauer–Clifford group of G over Z to be the set
BrClif(G, Z)
together with a binary operation. The elements of BrClif(G, Z) are the equivalence classes of central
simple G-algebras over Z , under the equivalence, which we call equivalence relative to Z given as
follows. Suppose A, and B are central simple G-algebras over Z . Then, we say that A is equivalent
to B if and only if there exist trivial G-algebras T1 and T2 over F such that
A ⊗F T1  B ⊗F T2
under an isomorphism of central G-algebras over Z (see the remark preceding this deﬁnition). The
binary operation on BrClif(G, Z , F ) is that induced by the tensor product over Z of central simple
G-algebras over Z .
Theorem 3.10. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra over F .
Then, the Brauer–Clifford group BrClif(G, Z) of G over Z is an abelian group.
Proof. By standard facts about tensor products, and the fact that the tensor product over F of two
trivial G-algebras over F is again a trivial G-algebra over F , we obtain that the deﬁned relation is
indeed an equivalence relation. Each of these equivalences classes is not a set, but we can think
of BrClif(G, Z) as a set if there exists a set of class representatives. Since algebras are taken to be
ﬁnite dimensional over F , the cardinality of the underlying set of any central simple G-algebra over Z
is bounded in terms of the cardinality of F . It follows that representatives for the equivalence classes
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BrClif(G, Z) of representatives for the equivalence classes. For any central simple G-algebra A over Z ,
we will call the class of A and denote by [[A]] the element of BrClif(G, Z) which represents it. If
c ∈ BrClif(G, Z), we will write A ∈ c and say that A is an element of c to mean that [[A]] = c.
Let A and B be central simple G-algebras over Z . By Lemma 3.5, A ⊗Z B is a central simple G-
algebra over Z . Hence, we can set the product [[A]][[B]] = [[A ⊗Z B]] of two elements [[A]] and [[B]]
of BrClif(G, Z). That this product is uniquely deﬁned follows from standard properties of the tensor
product. Furthermore, standard properties of the tensor product also show that the product is com-
mutative, and associative, and that [[Z ]] is the identity of this product. It only remains to show that
every element has an inverse.
Let A be a central simple G-algebra over Z . We will show that the inverse of the class of A is the
class of Aop. Let M be the underlying set of A viewed as a Z -module. By Lemma 3.7, it is enough to
show that EndZ (M) is equivalent to Z .
Let N be FG viewed as a free FG-module of rank one. Then M ⊗F N is a G-module over F . The
action of Z on M yields also a Z -module structure on M ⊗F N . Since M is a free Z -module of rank r,
M ⊗F N is a free Z -module of rank r|G|. Under the above Z -action on M ⊗F N , and using standard
identiﬁcations, we have that
EndZ (M) ⊗F EndF (N) ⊆ EndZ (M ⊗F N),
but both sides of this containment have the same dimension over F , and it follows that
EndZ (M) ⊗F EndF (N) = EndZ (M ⊗F N).
This equality preserves the Z -algebra structure of both sides, and the action of G on both sides.
Furthermore, EndF (N) is a trivial G-algebra over F . Hence, EndZ (M) is equivalent to EndZ (M ⊗F N).
It suﬃces to prove that EndZ (M ⊗F N) is equivalent to Z .
We know that M is a free Z -module of rank r. Let m1, . . . ,mr be a Z -basis for M . Consider the
collection gmi ⊗F g (for i = 1, . . . , r and g ∈ G) of elements of M ⊗F N . It is a Z -basis for M ⊗F N .
Furthermore, G acts freely on it. Let N0 be the F -span of this basis. It is an FG-submodule of M ⊗F N
and furthermore,
M ⊗F N  Z ⊗F N0,
as Z -modules with G-action. It follows that
EndZ (M ⊗F N)  Z ⊗F EndF (N0),
as Z -modules with G-action. Since EndF (N0) is a trivial G-algebra, this shows that EndZ (M ⊗F N) is
equivalent to Z , and concludes the proof of the theorem. 
Remark 3.11. In the deﬁnition of equivalence among central simple G-algebras used above, we allow
the modules N that yield the trivial G-algebras to be arbitrary non-zero FG-modules. However, one
can see easily by tensoring these modules with non-zero free FG-modules, that using endomorphism
G-algebras of only non-zero free FG-modules (or even non-zero free FG-modules of rank divisible by
any ﬁxed integer) in the place of our trivial G-algebras would have given rise to the same equivalence
relation among the central simple G-algebras over Z .
4. The Brauer–Clifford group and ﬁeld extensions
The Brauer–Clifford group behaves well with respect to ﬁeld extensions.
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Suppose K is a ﬁeld extension of the ﬁeld F . Then, K ⊗F Z is a central simple G-algebra over K , and the tensor
product with K induces a group homomorphism
BrClif(G, Z) → BrClif(G, K ⊗F Z).
Proof. In [4, Proposition 1.9], the corresponding result for Clifford classes is proved. The present the-
orem can be proved mutatis mutandis. 
5. Induction and restriction
Induction and restriction for modules yield important information. They have corresponding oper-
ations for Brauer–Clifford groups. For this section, we ﬁx G to be a ﬁnite group, F to be a ﬁeld, and
we let Z be a central simple commutative G-algebra over F . We further suppose that K is a ﬁeld and
an algebra direct summand of Z . We let e be the identity of K , and let H = CG(e). By Lemma 2.2,
K is a commutative central simple H-algebra over F .
Lemma 5.1. Let A be a central simple G-algebra over Z . Then eA is a central simple H-algebra over K . We
denote eA by ResZK (A).
Proof. Since the radical of A is trivial, A is semisimple, and this implies that eA is a simple alge-
bra whose center is K . Since H ﬁxes e, it follows that B is a central simple H-algebra over K , as
desired. 
Lemma 5.2. Let B be a central simple H-algebra over K . Then the tensor product F G ⊗F H B may be given as
a natural structure of a central simple G-algebra over Z . We denote it by IndZK (B).
Proof. Set A = FG ⊗F H B . Then A is an FG-module. Furthermore, we deﬁne a product on A. For
g1, g2 ∈ G , b1,b2 ∈ B , we deﬁne
(g1 ⊗F H b1)(g2 ⊗F H b2) =
{
g ⊗F H b1b2 if g = g1 = g2,
0 if g1H = g2H .
Extending this bilinearly deﬁnes a product on A which makes A into an algebra. Furthermore, the
product is compatible with the action of G , so A is a G-algebra. Let n = [G : H], and let g1, . . . , gn be
representatives for the left cosets of H in G . Then, as an algebra,
A = (g1 ⊗F H B) ⊕ · · · ⊕ (gn ⊗F H B),
where G acts transitively on the direct summands, and each gi ⊗F H B is a central simple algebra
over gi ⊗F H K . It follows that A is a simple G-algebra. Let Z0 be the center of A. Then, deﬁne
σ : Z0 → Z by
σ
(
n∑
i=1
gi ⊗F H zi
)
=
n∑
i=1
gi zi
for all zi ∈ K . By Lemma 2.2, σ is a well-deﬁned G-algebra isomorphism. Furthermore, σ does not
depend on the choice of representatives for the left cosets of H in G . We use σ as the ﬁnal struc-
tural piece for A. Then, A is a central simple G-algebra over Z , and this completes the proof of the
lemma. 
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Z
K induce group isomorphisms
ResZK : BrClif(G, Z) → BrClif(H, K ),
IndZK : BrClif(H, K ) → BrClif(G, Z)
which are inverse to each other.
Proof. It follows directly from the deﬁnitions that ResZK factors through the Brauer–Clifford groups
and provides a group homomorphism. Let B1 and B2 be equivalent central simple H-algebras over K .
Then, there exist trivial H-algebras T1 and T2 over F such that
B1 ⊗F T1  B2 ⊗F T2
as H-algebras over K . Tensoring the underlying module of Ti by a free F H-module of rank [G : H]
if necessary, we may assume that the underlying modules of T1 and of T2 can be extended to FG-
modules. Hence, we assume, without loss of generality, that T1 and T2 are trivial G-algebras over F .
Let R be a set of representatives for the left cosets of H in G . For i = 1,2, deﬁne
φi : IndZK (Bi ⊗F Ti) → IndZK (Bi) ⊗F Ti
by setting
φi
(
g ⊗F H (b ⊗F t)
)= (g ⊗F H b) ⊗F gt
for all g ∈ R , b ∈ Bi and t ∈ Ti and extending multilinearly. Then, φi is an isomorphism G-algebras
over Z . Hence, we have that
IndZK (B1) ⊗F T1  IndZK (B2) ⊗F T2
as G-algebras over Z . It follows that IndZK does deﬁne a map for the Brauer–Clifford groups. Further-
more, it follows from our deﬁnitions, that if B is a central simple H-algebra over K then
ResZK
(
IndZK (B)
) B
as H-algebras over K . Let A be a central simple G-algebra over Z . Then, we may deﬁne a map
ψ : IndZK
(
ResZK (A)
)→ A
by setting
ψ(g ⊗F H b) = gb
for all g ∈ G and b ∈ eA, and extending bilinearly. Then, ψ is an isomorphism of G-algebras over Z .
It then follows that the two maps in the statement of the theorem are inverses of each other. Hence,
they both are isomorphisms. This completes the proof of the theorem. 
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Deﬁnition 6.1. Let G be a ﬁnite group, F be a ﬁeld, and Z a G-algebra over F . Then the automorphism
group AutF G(Z) of Z as a G-algebra over F is the group of all automorphisms of Z as an algebra over F
which preserve the action of G .
Deﬁnition 6.2. Let G be a ﬁnite group, F be a ﬁeld, and Z a central simple commutative G-algebra
over F . Let τ ∈ AutF G(Z), and let A be a central simple G-algebra over Z . Then, there is a structural
G-algebra over F isomorphism
σ : Z(A) → Z .
We deﬁne τ A to be the same G-algebra A over F , but with structural isomorphism τσ of Z(A) =
Z(τ A) onto Z .
Proposition 6.3. Let G be a ﬁnite group, F be a ﬁeld, and Z a central simple commutative G-algebra over F .
Then AutF G(Z) acts by automorphisms on the Brauer–Clifford group BrClif(G, Z) of G over Z by
τ · [[A]] = [[τ A]],
for all τ ∈ AutF G(Z), and all central simple G-algebras A over Z .
Proof. The statements of the proposition follow from the deﬁnitions involved and the fact that
AutF G(Z) preserves all the relevant structure of Z . 
Remark 6.4. The action of Proposition 6.3 need not be trivial. For example, let G be a dihedral group
of order 8. Let a,b, c ∈ G be three distinct involutions with ac = b and ab = ba. Then 〈a,b〉 is a
normal elementary abelian subgroup of G of index 2. As is standard, we denote by Q the ﬁeld of
rational numbers. Let Z = Q[√2], and let G act on Z as the Galois group, having 〈a,b〉 as the kernel
of this action. Then Z is a commutative central simple G-algebra over Q. Let A be the algebra of 2×2
matrices over Z . Let G act on A as follows. The elements a and b act as conjugation respectively by
the matrices (
0
√
2
1 0
)
and
(
0 −√2
1 0
)
,
and c acts as the Galois automorphism. Then, A is a central simple G-algebra over Z , and the class
of A in BrClif(G, Z) is not invariant under the non-trivial Galois automorphism of Z/Q, which is an
element of AutQG(Z).
This last claim can be seen as follows. Let τ be the non-trivial Galois automorphism of Z/Q. Let
A1 be the central simple G-algebra A over Z , and let A2 = τ A1 be its conjugate central simple G-
algebra over Z . Assume that A1 and A2 belong to the same element of BrClif(G, Z). Then, there exist
trivial G-algebras T1 and T2 over Q and an isomorphism of G-algebras over Z
ι : A1 ⊗Q T1 → A2 ⊗Q T2.
The action of a on A1 ⊗Q T1 can be obtained by conjugation by an element whose square is in the
center and is identiﬁed with
√
2 in Z . Since the element doing the conjugation is deﬁned up to
multiplication by an invertible element of Z , it follows that every invertible element of A1 ⊗Q T1
which performs by conjugation the action of a is such that its square is in the center and is identiﬁed
with a positive number in Z . In an analogous way, the action of a on A2 ⊗Q T2 can be obtained by
conjugation by an invertible element, and any such element has a square which is in the center and
is identiﬁed with a negative number in Z . Hence, ι cannot be an isomorphism of G-algebras over Z .
This proves our assertion.
3630 A. Turull / Journal of Algebra 321 (2009) 3620–3642Corollary 6.5. Let G be a ﬁnite group, and let F be a ﬁeld. Suppose that A and B are central simple G-algebras
over F . Let Z1 = Z(A) and let Z2 = Z(B). Then, A and B determine the same equivalence class in Clif(G, F ) if
and only if both of the following hold:
(1) Z1 and Z2 are isomorphic as commutative central simple G-algebras over F . We pick a commutative
central simple G-algebra Z isomorphic to both of them, and we pick preferred structural isomorphisms
σ1 : Z1 → Z and σ2 : Z2 → Z of G-algebras over F . These determine elements α = [[A]] ∈ BrClif(G, Z),
and β = [[B]] ∈ BrClif(G, Z).
(2) The elements of α,β ∈ BrClif(G, Z) belong to the same orbit under the action of AutF G(Z) on
BrClif(G, Z).
Proof. Suppose ﬁrst that the G-algebras A and B determine the same class in Clif(G, F ). By deﬁnition,
then there exist trivial central simple G-algebras T1 and T2 and an isomorphism of G-algebras over F
ι : A1 ⊗F T1 → A2 ⊗F T2.
We identify Z1 = Z(A) and Z2 = Z(B) naturally with Z(A ⊗F T1) and Z(B ⊗F T2) respectively. Then
ι restricts to an isomorphism ιZ1 : Z1 → Z2 of commutative central simple G-algebras over F . We can
choose the structural isomorphisms σ1 and σ2 in (1) so that σ1 = σ2ιZ1 . Then, ι becomes an isomor-
phism of central simple G-algebras over Z . Thus the classes α = [[A]] and β = [[B]] in BrClif(G, Z)
are equal. Hence, both conditions of the corollary are satisﬁed in this case.
Conversely, suppose that both conditions are satisﬁed. Then, there exists some automorphism τ ∈
AutF G(Z) such that τ · [[A]] = [[B]] ∈ BrClif(G, Z). By deﬁnition, then there exist trivial central simple
G-algebras T1 and T2 over F and a G-algebra over Z isomorphism
φ : τ A ⊗F T1 → B ⊗F T2.
Since φ also preserves the G-algebra structure over F , and A and τ A have the same structure as
G-algebras over F , this implies that A and B determine the same element of Clif(G, F ), as desired.
This completes the proof of the corollary. 
Corollary 6.6. Let G be a ﬁnite group, and let F be a ﬁeld. Then the elements of Clif(G, F ) can be classiﬁed as
follows. Consider each isomorphism class of central simple commutative G-algebras Z , and for each Z consider
the orbits of AutF G(Z) on BrClif(G, Z). These collections of orbits parametrize uniquely and completely the
elements of Clif(G, F ).
Proof. This follows immediately from Corollary 6.5. 
Proposition 6.7. Let G be a ﬁnite group, F be a ﬁeld, and Z be a commutative central simple G-algebra. If
A is any central simple G-algebra over F , and Z(A) = F , then A ⊗F Z is a central simple G-algebra over Z .
Furthermore, the map A → A ⊗F Z generates a group homomorphism
⊗F Z : BrClif(G, F ) → BrClif(G, Z).
In addition, the image of this homomorphism is contained in the centralizer of AutF G(Z) in BrClif(G, Z).
Proof. It is easy to see and proved in [7], that A ⊗F Z is a central simple G-algebra over F , and
its center is 1 ⊗F Z  Z . It follows from standard properties of tensor products that the map ⊗F Z
generates a group homomorphism as stated. Let τ ∈ AutF G(Z). Then the map
IdA ⊗F τ : τ (A ⊗F Z) → A ⊗F Z
is an isomorphism of G-algebras over Z . Hence, the image of the group homomorphism is contained
in the centralizer of AutF G(Z) in BrClif(G, Z). 
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Clif(G, F ), which arises from the parametrization of the elements of Clif(G, F ) given in Corollary 6.6, and the
group homomorphism of Proposition 6.7.
Proof. For an element of γ ∈ BrClif(G, F ) to act on an element of σ ∈ Clif(G, F ), we just pick a rep-
resentative τ ∈ BrClif(G, Z) under Corollary 6.6 (for an appropriate Z ), we then obtain γ ⊗F Z ∈
BrClif(G, Z), and we multiply τ by this in BrClif(G, Z) to obtain (γ ⊗F Z) · τ . The orbit un-
der AutF G(Z) of this element is independent of the choice of τ , and deﬁnes the appropriate element
of Clif(G, F ). 
Remark 6.9. In [7], we deﬁned the interior subgroup IClif(G, F ) and an action of IClif(G, F ) on
Clif(G, F ). These deﬁnitions and facts are brieﬂy recalled in Section 2. The group BrClif(G, F ) is in
fact the Interior Subgroup IClif(G, F ) deﬁned in [7], and the action of Corollary 6.8 is the action de-
scribed in [7] and recalled in Deﬁnition 2.4.
7. The Brauer–Clifford group and Clifford theory
It is natural to use the Brauer–Clifford group to describe the Clifford theories of characters of
ﬁnite groups in the presence of a normal subgroup. In [3,7], we saw that Clifford theory with Schur
indices of a character χ can be described in terms of an element of a Clifford set. In this section,
we show that similar but more precise and general results can be obtained using the elements of a
Brauer–Clifford group. Using the Brauer–Clifford group has some advantages over using the Clifford
set. Firstly, the elements used to describe the Clifford theory are in a group (and not just in a set).
Secondly, equality of the elements of the Brauer–Clifford group implies more precise bijections among
the characters of the subgroups of the group which are related to χ . And thirdly, we do not need any
condition on the values of the character.
In this section, we let F be a ﬁeld of characteristic zero, and we let F be an algebraic closure of F .
We assume that all characters of ﬁnite groups are functions with domain the group itself and take
their values in F . We denote by Irr(G) the set of all irreducible characters of a ﬁnite group G . If θ
is a character of a ﬁnite group G , we denote by F (θ) the ﬁeld F extended by all the values of θ . If
H is a subgroup of the group G , we denote by ResGH (θ) the restriction of θ to H , and by Ind
G
H (ψ) the
character of G induced from a character ψ of H . If θ ∈ Irr(G), we denote by mF (θ) the Schur index
of θ with respect to F .
Some major goals of this section are to deﬁne a central simple G-algebra Z , and a speciﬁc element
of an appropriate Brauer–Clifford group BrClif(G, Z) given a Clifford theory of a speciﬁc ﬁnite group.
We then show that these are well deﬁned, and that if two different groups have isomorphic central
simple G-algebras and the elements of their corresponding Brauer–Clifford groups correspond, then
there are non-unique very nicely behaved correspondences of characters between the two groups.
As is well known, the Clifford theory of many different characters of a ﬁnite group with a normal
subgroup is the same. Indeed, given a ﬁnite group G with a normal subgroup H , the Clifford theory
is determined by any irreducible character of a subgroup that contains H . Of course, it is understood
that many other characters yield the same Clifford theory. Attempts to ﬁnd information which deﬁnes
the Clifford theory from less redundant information might be to use an irreducible character of H ,
or a G-conjugacy class of irreducible characters of H , or even some other choices. Our goal here,
however, is to develop a language that will yield Z and the element of BrClif(G, Z) with maximum
ﬂexibility. For this reason, we systematically describe our Clifford theory from an arbitrary irreducible
character of a subgroup of G that contains H . The reader surely will notice that our concepts do not
depend fully on our choice of this speciﬁc character (as they surely should not) but on the Clifford
theory involved. Working in this generality, however, will make our results easier to apply to speciﬁc
groups.
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ker(π), and let ψ be an irreducible character of a subgroup of G that contains H . The group G ×
Gal(F/F ) acts on Irr(H) by
(g,γ )θ : h → γ (θ(g−1hg)),
for all g ∈ G , γ ∈ Gal(F/F ), θ ∈ Irr(H) and h ∈ H . Let θ1 be an irreducible character of H which is
contained in the restriction of ψ to H , let θ1, . . . , θr ∈ Irr(H) be the G × Gal(F/F )-orbit of θ1, and let
eθ1 , . . . , eθr be the corresponding primitive central idempotents of Z(F H). Set e = eθ1 + · · · + eθr . Then
e ∈ Z(F H), and we set F0 = e(F H ∩ Z(FG)). We deﬁne the center algebra of ψ with respect to π and F to
be the G-algebra eZ(F H) over F0, and we denote it by Z(ψ,π, F ), or, if the base ﬁeld F is understood,
by Z(ψ,π). For each θ ∈ {θ1, . . . , θr}, the central character associated with θ , restricts non-trivially to
a map
ωθ : Z(ψ,π, F ) → F
which we also call the central character associated with θ .
The following facts about the situation in the previous deﬁnition might help some readers. Let
Θ = {θ1, . . . , θr} be any orbit of G×Gal(F/F ) on Irr(H), and let eΘ denote the sum of the idempotents
corresponding to the irreducible characters in Θ . Then eΘ is a primitive idempotent of F H ∩ Z(FG),
and furthermore, the map Θ → eΘ provides a bijection from the set of orbits of G × Gal(F/F ) on
Irr(H) onto the set of primitive idempotents of F H ∩ Z(FG). These facts are not used explicitly below,
and their proof is left to the interested reader.
Proposition 7.2. The F -algebra F0 of the previous deﬁnition is a ﬁeld, the center algebra Z(ψ,π, F ) is a com-
mutative central simple G-algebra over the ﬁeld F0 , and it is uniquely determined byψ ,π , and F . Furthermore,
the following hold:
(1) The ﬁeld F0 is a ﬁnite abelian Galois extension of F . Furthermore, if χ ∈ Irr(G) contains in its restriction
to H some character which is G-conjugate to some irreducible character in the restriction of ψ to H,
then the restriction to F0 of the central character associated with χ provides an isomorphism from F0 to
F (ResGH (χ)) as algebras over F . Furthermore, this isomorphism does not depend on the choice of χ .
(2) Let σ ∈ Gal(F/F ). Then Z(σψ,π, F ) = Z(ψ,π, F ). Furthermore, the isomorphism of F0 with a subalge-
bra of F given by σψ under (1) is just the one given in (1) followed by σ .
(3) The set of non-zero algebra homomorphisms from Z(ψ,π, F ) to F as algebras over F is the set of central
characters associated with θ1, . . . , θr .
(4) Let λ : Z(ψ,π, F ) → F be a non-zero homomorphism of algebras over F . Then, if φ is an automor-
phism of Z(ψ,π, F ) as G-algebra over F and λ = λφ , then φ is the identity. In other words, the struc-
ture of Z(ψ,π, F ) as G-algebra over F together with the map λ uniquely identify each of the elements
of Z(ψ,π, F ).
(5) Consider the action of Gal(F/F ) on the set {θ1, . . . , θr}, and, renumber, if necessary, so that the ﬁrst s of
them, θ1, . . . , θs , are representatives for its orbits. Then,
Z(ψ,π, F )  F (θ1) ⊕ F (θ2)⊕ · · · ⊕ F (θs),
where the G-action on the algebra on the right is obtained from the G-action on the full set {θ1, . . . , θr}.
Proof. We set Z = Z(ψ,π, F ). Z is semisimple. It follows directly from the deﬁnition that Z is a
commutative G-algebra over F0, and that it is uniquely determined by ψ , π , and F . For each eθi , the
sum of all its distinct conjugates under Gal(F/F ) is a primitive idempotent of Z , and all the primitive
idempotents of Z are obtained this way. Hence, G acts transitively on the primitive idempotents of Z .
It follows that Z is a central simple G-algebra over F0. Since G acts transitively on the primitive
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central character is not zero on F0, and yields an isomorphism as algebras over F from F0 onto
F (ResGH (χ)). Since the restriction to H of any other choice of χ will yield a rational multiple of the
restriction of χ itself, it follows that the central character of χ on F0 does not depend on the choice
of χ . Hence, (1) holds. Furthermore, (2) follows from the deﬁnitions. It is well known that the set
of non-zero algebra homomorphisms from Z(F H) → F are the central characters associated with the
irreducible characters of H . The ones that do not vanish at the identity of Z are exactly the central
characters associated with θ1, . . . , θr so that (3) holds.
Suppose φ is an automorphism of Z as G-algebra over F and λ = λφ. Let e˜ be the sum of all
the central idempotents for θ and its Galois conjugates over F . Then, e˜ is a primitive idempotent
of Z and e˜ Z is a ﬁeld. Setting K = e˜ Z , our hypothesis implies that the restriction of φ to K is the
identity. Since G is acting transitively on the minimal ideals of Z and φ is a G-algebra automorphism,
it follows that φ is the identity on each minimal ideal, and hence the identity on Z , so that (4) holds.
By (3), Z has a minimal ideal isomorphic to F (θ), and, since G is acting transitively on the minimal
ideals, (5) follows. 
The behavior of the center algebra with respect to extensions of the base ﬁeld can be described as
follows.
Proposition 7.3. Assume the hypotheses and notation of Proposition 7.2. Assume that K is a ﬁeld extension of F
contained in some extension of F . Then, Z(ψ,π, K ) is a central simple G-algebra over K0 . Use (1) to identify
F0 and K0 with ﬁeld extensions of F , and let K F0 be the compositum of the two ﬁelds. Then, K0 = K F0 , and
Z(ψ,π, K )  K F0 ⊗F0 Z(ψ,π, F ).
Proof. As in Deﬁnition 7.1, we let θ1 be an irreducible character of H which is contained in the re-
striction of ψ to H , we let θ1, . . . , θr ∈ Irr(H) be the G × Gal(F/F )-orbit of θ1, and let eθ1 , . . . , eθr
be the corresponding primitive central idempotents of Z(F H). We set eF = eθ1 + · · · + eθr . We also
set eK to be the sum of the idempotents corresponding to a G × Gal(F/K )-orbit of θ1. Note that
eK eF = eK , Z(ψ,π, F ) = eF Z(F H), and Z(ψ,π, K ) = eKZ(K H). We apply Proposition 7.2 to Z(ψ,π, K ).
Then (1) implies that the centralizer K0 of the action of G on Z(ψ,π, K ) is canonically isomorphic
to K F0. Hence, with our identiﬁcations, K0 = K F0, and we view Z(ψ,π, K ) as a central simple com-
mutative G-algebra over K F0. Deﬁne a homomorphism
φ : K F0 ⊗F0 Z(ψ,π, F ) → Z(ψ,π, K )
by φ(λ⊗F0 z) = λzeK , for all λ ∈ K F0 and z ∈ Z(ψ,π, F ). Then, φ is a non-zero homomorphism of G-
algebras over K F0. Furthermore, the image of this homomorphism is an ideal. Hence, as both the
domain and the target space are simple, it follows that φ is an isomorphism, as desired. 
The character theoretic information carried by the center algebra is easy to describe.
Proposition 7.4. Let G be a ﬁnite group and let F be a ﬁeld of characteristic zero. For i = 1,2, let Gi be a
ﬁnite group, πi : Gi → G be a surjective homomorphism, Hi = ker(πi), and ψi an irreducible character of
a subgroup of Gi that contains Hi . Let θi ∈ Irr(Hi) be contained in ResGiHi (ψi), and let O i be the G ×Gal(F/F )-
orbit of θi . We set Zi = Z(ψi,πi, F ). Then the following are equivalent:
(1) There exists an isomorphism α : Z1 → Z2 of G-algebras over F which sends the central character associ-
ated with θ1 to the central character associated with θ2;
(2) There is a bijection β : O 1 → O 2 which preserves the action of G ×Gal(F/F ) and is such that β(θ1) = θ2 .
Furthermore, whenever they exist, α and β are unique.
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a G × Gal(F/F ) permutation isomorphism between O i and the set of all non-zero algebra homo-
morphisms from Zi to F as algebras over F which assigns to each character its central character.
Hence, (2) holds.
Conversely, suppose that (2) holds. Since O 1 and O 2 are single orbits, β is unique. Since F (θi) is a
Galois extension of F , the fact that the action of Gal(F/F ) on O 1 and O 2 is equivalent, implies that
F (θ1)  F (θ2). Then, by Proposition 7.2(5), the isomorphism β exists, as desired. 
The following deﬁnition is slightly more general than the one used for Clifford classes, because it
does not need to assume any condition on the values of the character.
Deﬁnition 7.5. Let G be a ﬁnite group, let H be a normal subgroup of G , and let ψ be an irreducible
character of a subgroup of G that contains H . We let θ1 be an irreducible character contained in
the restriction of ψ to H , and we let θ1, . . . , θr ∈ Irr(H) be the G × Gal(F/F )-orbit of θ1, and we let
θ = θ1 + · · · + θr . (θ does not depend on our choice of θ1.) A G-module M over F is ψ-quasihomo-
geneous (with respect to H) if it is not 0 and its restriction to H affords as character some positive
multiple of θ .
Under the hypotheses of Deﬁnition 7.5, there always exists a G-module M over F which is ψ-
quasihomogeneous. Indeed, if χ is any irreducible character of G lying over ψ , there will be some
G-module M over F (χ) affording the character mF (χ)χ , and viewing M as a module over F produces
a ψ-quasihomogeneous module.
Theorem 7.6. Let G be a ﬁnite group, let H be a normal subgroup of G, let F be a ﬁeld of characteristic zero,
and let ψ be an irreducible character of a subgroup of G that contains H. Let G = G/H, and let π : G → G
be the natural projection. Let Z = Z(ψ,π, F ) be the center algebra of ψ with respect to π and F . Suppose
that M is any ψ-quasihomogeneous G-module over F . Then, EndF H (M) is a central simple G-algebra over Z .
Furthermore, the class in BrClif(G, Z) of EndF H (M) does not depend on the choice of M.
Proof. We let θ1 be an irreducible character contained in the restriction of ψ to H , we let θ1, . . . , θr ∈
Irr(H) be the G × Gal(F/F )-orbit of θ1, and we let θ = θ1 + · · · + θr . Let eθ1 , . . . , eθr be the primitive
central idempotents of Z(F H) corresponding θ1, . . . , θr . Set e = eθ1 + · · · + eθr . Then e ∈ Z(F H), and,
by Deﬁnition 7.1, we have Z = eZ(F H). Let ρ : FG → EndF (M) be the representation corresponding
to the module M . Looking at the character afforded by the restriction of M to H , we see that the
restriction of ρ to eF H provides an injective homomorphism, and that ρ(F H) = ρ(eF H). Since eF H
is a direct sum of simple algebras and its center is Z , we get that EndF H (M) is a direct sum of
simple algebras, and its center is ρ(Z). It is clear that G/H acts on EndF H (M), and so this action
and the restriction of ρ to Z provide to EndF H (M) the structure of a central G/H-algebra over Z . By
Proposition 7.2, G/H acts transitively on the primitive idempotents of Z , hence G/H acts transitively
on the minimal ideals of EndF H (M), and it follows that EndF H (M) is a central simple G/H-algebra
over Z .
Let N be any non-zero G/H-module over F . Then, M ⊗F N is a ψ-quasihomogeneous G-module
over F . By the above, we have that EndF H (M ⊗F N) is a central simple G/H-algebra over Z . On the
other hand, we have the natural identiﬁcation
EndF H (M ⊗F N) = EndF H (M) ⊗F EndF (N),
and, following the above construction, we see that this identiﬁcation preserves the G/H-algebra
over Z structure. Setting T = EndF (N), we see that T is a trivial G/H-algebra over F . Now F0 ⊗F T is
a trivial G/H-algebra over F0, and, since
EndF H (M) ⊗F EndF (N)  EndF H (M) ⊗F0 F0 ⊗F EndF (N),
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group BrClif(G/H, Z).
Suppose now that M1 is any ψ-quasihomogeneous G-module over F . Take N to be a free G/H-
module over F of rank dimF (M1), and take N1 to be a free G/H-module over F of rank dimF (M). The
characters afforded by M ⊗F N and M1 ⊗F N1 are equal. It follows that the two modules M ⊗F N and
M1 ⊗F N1 are isomorphic. This implies that EndF H (N ⊗F N) and EndF H (M1 ⊗F N1) are isomorphic as
central simple G/H-algebras over Z . Then, using the previous paragraph twice, we see that EndF H (M)
and EndF H (M1) are in the same element of the Brauer–Clifford group BrClif(G/H, Z), as desired. 
In the situation of the theorem, we have that ψ gives rise to unique element of BrClif(G/H,
Z(ψ,π, F )). It is convenient to deﬁne a slightly more general map.
Deﬁnition 7.7. Let G be a ﬁnite group, let F be a ﬁeld of characteristic zero, and suppose we are
given a surjective group homomorphism π : G → G onto a group G with kernel H . Let ψ be an
irreducible character of a subgroup of G that contains H . Let Z = Z(ψ,π, F ) be the center algebra
of ψ with respect to π and F . Suppose that M is any ψ-quasihomogeneous G-module over F . We
view EndF H (M) as a central simple G-algebra over Z , and we denote by
[[ψ]] = [[ψ,π, F ]] ∈ BrClif(G, Z)
the element of BrClif(G, Z) that it deﬁnes. We say that this is the element of the Brauer–Clifford group
associated to ψ . (It follows from Theorem 7.6 that this is well deﬁned.)
This deﬁnition works well with respect to ﬁeld extensions.
Proposition 7.8. In the situation of the deﬁnition above, let K be an extension ﬁeld of F contained in some
extension of F . By Proposition 7.3,
Z(ψ,π, K )  K F0 ⊗F0 Z(ψ,π, F ),
and, then, by Theorem 4.1, there is then a natural group homomorphism
BrClif
(
G,Z(ψ,π, F )
)→ BrClif(G,Z(ψ,π, K )).
Then the element [[ψ,π, F ]] gets mapped to [[ψ,π, K ]] under this homomorphism.
Proof. Suppose that M is any ψ-quasihomogeneous G-module over F . Let eF and eK be as in the
proof of Proposition 7.3. Then, eF acts as the identity on M , and eK (K ⊗F M) is a ψ-quasihomo-
geneous G-module over K . Set Z F = Z(ψ,π, F ), and ZK = Z(ψ,π, K ). Then, EndF H (M) is a central
simple G-algebra over Z F , and it represents the element
[[ψ,π, F ]] ∈ BrClif(G, Z F ),
and EndK H (eK (K ⊗F M)) is a central simple G-algebra over ZK , and it represents the element
[[ψ,π, K ]] ∈ BrClif(G, ZK ).
The result then follows from the deﬁnitions. 
Our next goal is to show that if the Clifford theory of two different groups generate isomorphic
center algebras and the elements of the Brauer–Clifford group correspond under the isomorphism of
the center algebras then there exist very nicely behaved correspondences of characters between the
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when we ﬁx the isomorphism between the center algebras. For this reason, we may not split without
signiﬁcant loss of information the properties of these correspondences into a series of distinct state-
ments of the type ‘there exists a correspondence with Property A’, and ‘there exists a correspondence
with Property B’, etc., because the fact that there is a single correspondence with all these properties is
a much stronger and useful statement. The theorem that describes the properties of these correspon-
dences of characters is Theorem 7.12 below.
Our proof follows to some extent the corresponding results in [3] but in a different context. Ulti-
mately, we will explain how to modify the proofs in [3] to prove our more precise results here. For
the reader’s convenience, we sketch here how the correspondence of characters is actually deﬁned.
For more details the reader can see the more complete explanations below and the proofs in [3]. Sup-
pose G is a ﬁnite group, π : G → G a surjective group homomorphism and M some G-module over F .
Set A = EndF H (M) and view A as a G-algebra over F . Let S be any subgroup of G which contains H .
Then the set of ﬁxed points of the action of π(S) on A is Aπ(S) = EndF S(M). Let e be the sum of
all the central idempotents of F S corresponding to irreducible characters of S which actually occur
in the character of the restriction of M to S . Then, e is a central idempotent of F S and, it follows
from the double centralizer theorem, that the restriction of the representation algebra homomor-
phism corresponding to the module M provides an algebra isomorphism from eZ(F S) onto Z(Aπ(S)).
Let θ ∈ Irr(S), and suppose that θ occurs in the restriction of M to S . Then the restrictions of the cen-
tral character ωθ of S deﬁned over F to eZ(F S) provides a unital homomorphism ωθ : eZ(F S) → F
of algebras over F . Furthermore, the map θ → ωθ provides a bijection from the set of all irreducible
characters of S which occur in M onto the set of unital homomorphisms eZ(F S) → F of algebras
over F . It follows that the module structure of M provides a bijection from the set of irreducible
characters of S which occur in M onto the set of unital homomorphisms Z(Aπ(S)) → F of algebras
over F .
Notation 7.9. Let G , G ′ and G be ﬁnite groups, and suppose we are given surjective homomorphisms
π : G → G and π ′ : G ′ → G whose kernels are, respectively, H and H ′ . Let ψ be an irreducible charac-
ter of a subgroup of G that contains H , and let ψ1 be an irreducible character of a subgroup of G ′ that
contains H ′ . Let Z = Z(ψ,π, F ) be the center of ψ with respect to π and F , and let Z ′ = Z(ψ1,π ′, F )
be the center of ψ1 with respect to π ′ and F .
Suppose now that Notation 7.9 holds, and assume we have a G-algebra isomorphism α : Z → Z ′ .
We denote by α the isomorphism that α induces α : BrClif(G, Z) → BrClif(G, Z ′). Finally, assume
that α([[ψ]]) = [[ψ1]] ∈ BrClif(G, Z ′). We give an informal description of how we obtain a corre-
spondence of characters in this situation. This will be followed by more precise explanations which
ultimately rely on the detailed proofs in [3]. We let F0 = ZG and we let F ′0 = (Z ′)G
′
. Of course,
α(F0) = F ′0. Let, for the moment, M be any ψ-quasihomogeneous G-module over F , and let M ′ be
any ψ1-quasihomogeneous G ′-module over F . Then, the center of EndF H (M) is naturally identiﬁed
with Z , and the class of EndF H (M) in BrClif(G, Z) is [[ψ]], and the center of EndF H ′(M ′) is naturally
identiﬁed with Z ′ , and the class of EndF H ′ (M ′) in BrClif(G, Z ′) is [[ψ1]]. Since α([[ψ]]) = [[ψ1]], there
exist trivial G-algebras T1 over F0 and T2 over F ′0 and an isomorphism of G-algebras over F
β : EndF H (M) ⊗F0 T1 → EndF H ′(M ′) ⊗F ′0 T2
which restricts to the centers of the algebras (using the identiﬁcations) as the map α : Z → Z ′ . By
tensoring with further trivial algebras if necessary, we assume, without loss of generality, that the
underlying modules for T1 and T2 are free non-zero G-modules. Tensoring the underlying module
of T1 with M over F0, we obtain a new ψ-quasiprimitive G-module over F , and similarly, from M ′
and the underlying module of T2 we obtain a new ψ1-quasiprimitive G ′-module over F , which we
rename M and M ′ respectively. Now we have that the isomorphism β is
β : EndF H (M) → EndF H ′ (M ′).
We set A = EndF H (M) and A′ = EndF H ′ (M ′), so that β : A → A′ .
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tain H , and likewise by S(G ′, H ′) the set of subgroups of G ′ that contain H ′ . The two maps π and π ′
provide a one-to-one correspondence S → S ′ from S(G, H) to S(G ′, H ′).
Let now S ∈ S(G, H). The restriction of β provides an isomorphism from Z(Aπ(S)) onto
Z((A′)π(S ′)). This isomorphism together with the comments before Notation 7.9 yield a one-to-one
correspondence from characters of S to characters of S ′ . This was our informal description of the cor-
respondence of characters. As mentioned earlier, the details are explained below, and rely ultimately
on the proofs in [3].
Our informal description of the correspondence of characters is enough to describe a family of
examples where the mapping α does not determine uniquely the correspondence of characters. The
existence of such examples, of course, is not used in what follows. Hopefully, however, it justiﬁes in
the mind of the reader the fact that all the properties of the correspondence need to be grouped
in a single theorem. With the notation above, we may take F to be an algebraically closed ﬁeld
of characteristic zero, take G to be a non-prefect ﬁnite group (this means that G has a non-trivial
abelian quotient group), ψ ∈ Irr(H) to be extendible to G , and ψ1 ∈ Irr(H ′) to be extendible to G ′ .
(For example we may take G and G ′ to be abelian with G non-trivial.) We have Z = Z(ψ,π, F ) and
Z ′ = Z(ψ1,π ′, F ). By Proposition 7.2, Z  F and Z ′  F as G-algebras over F , so that there exists
a unique isomorphism α : Z → Z ′ of G-algebras over F . Let M0 be a G-module over F affording
as character an extension ψ of ψ to G , and let M ′0 be a G ′-module over F affording as character
an extension ψ1 of ψ1 to G ′ . We have EndF H (M0)  F  EndF H ′(M ′0). Hence, [[ψ]] ∈ BrClif(G, Z)
and [[ψ1]] ∈ BrClif(G, Z ′) and α([[ψ]]) = [[ψ1]]. We take a free FG-module of rank one L, and
T = EndF (L), and we set M = M0 ⊗F L, M ′ = M ′0 ⊗F L, A = EndF H (M)  EndF H (M0) ⊗F T and
B = EndF H ′(M ′)  EndF H ′ (M ′0) ⊗F T . Hence, there is an isomorphism β : A → B of G-algebras over F
sending EndF H (M0)⊗F 1 to EndF H ′ (M ′0)⊗F 1. This way, we obtain a character correspondence which
sends ψ to ψ1. By Gallagher’s theorem, since G has a non-trivial linear character, there is more than
one extension ψ1 of ψ1 to G ′ . It follows that the character correspondence is not uniquely determined
by α.
We now turn to a more detailed description of the correspondence of characters, and more par-
ticularly of what characters it involves. In the situation of Deﬁnition 7.7, the Clifford theory of the
character ψ with respect to the ﬁeld F , the group G and the normal subgroup H , concerns the prop-
erties with respect to the ﬁeld F of certain characters of the subgroups S of G that contain H . The
characters in question should include at least those η ∈ Irr(S) such that (ResSH (η),ResGH (χ)) = 0, for
χ ∈ Irr(G) above ψ , and their linear combinations. In [3], it is proved that, if the character values
of χ on H are all in F , the invariant in Clif(G, F ) is enough to determine many properties (including
Schur indices, ﬁelds of deﬁnition, induction, restriction, relative degrees, etc.) of the collection of all
these η, i.e. to determine the Clifford theory of ψ with respect to F and H . In the present context,
we are assigning a slightly more precise invariant, namely [[ψ]] ∈ BrClif(G, Z), and we now show that
we obtain slightly more precise results with this invariant. In addition, we remove any condition on
the character values of the given characters and we extend the range of characters included in our
bijections, by allowing, in addition to the characters included in [3], all their Galois over F conjugates,
as well as their linear combinations. For this reason, the notation here is slightly different than the
one given in [3].
Notation 7.11. If S ∈ S(G, H), we denote by I C(S, H,ψ) the set of irreducible characters φ of S such
that the restriction of φ to H contains at least one irreducible (hence all) that are G × Gal(F/F )-
conjugate to some irreducible contained in the restriction of ψ to H . We let C(S, H,ψ) be the set
of integer linear combinations of elements of I C(S, H,ψ). We do likewise for subgroups of G ′ and
the character ψ1. If g ∈ G and S ∈ S(G, H), we deﬁne g S = gSg−1, where g ∈ G and π(g) = g . This
does not depend on the particular g chosen. If, further, φ ∈ C(S, H,ψ), then we set gφ to be the map
deﬁned by gφ(s′) = φ(g−1s′g) for all s′ ∈ g S . Since φ is a character of S and S ⊇ H , the map does
not depend on the representative g chosen. Furthermore, gφ ∈ C(g S, H,ψ). We have a corresponding
action of G on objects from G ′ .
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We denote by α the isomorphism that α induces α : BrClif(G, Z) → BrClif(G, Z ′). Suppose, furthermore, that
θ ∈ Irr(H) is G × Gal(F/F )-conjugate to an irreducible character contained in the restriction of ψ to H, and,
that θ1 ∈ Irr(H ′) is G ′ ×Gal(F/F )-conjugate to an irreducible character contained in the restriction ofψ1 to H,
and that the central character associated with θ restricted to Z corresponds to the central character associated
with θ1 restricted to Z ′ under the isomorphism α. Finally, assume that α([[ψ]]) = [[ψ1]] ∈ BrClif(G, Z ′).
Then, there is a one-to-one correspondence φ → φ′ from the union of C(S, H,ψ) as S runs over S(G, H) to
the union of C(S ′, H ′,ψ1) as S ′ runs over S(G ′, H ′) that satisﬁes the following properties:
(1) θ ′ = θ1 (but, of course, ψ ′ need not be ψ1).
(2) For each S ∈ S(G, H), restriction of the map φ → φ′ provides an isomorphism of Z-modules (Z the
ring of ordinary integers) from C(S, H,ψ) to C(S ′, H ′,ψ1), that preserves the usual inner product, and
restriction also provides a bijection from I C(S, H,ψ) to I C(S ′, H ′,ψ1).
(3) There is some rational constant d, such that, whenever S ∈ S(G, H), φ ∈ C(S, H,ψ) and φ → φ′ , then
φ′(1) = dφ(1).
(4) The map φ → φ′ commutes with both induction and restriction of characters. That is, if S, R ∈ S(G, H),
φ ∈ C(S, H,ψ), θ ∈ C(R, H,ψ) and S ⊇ R, then ResSR(φ) ∈ C(R, H,ψ), IndSR(θ) ∈ C(S, H,ψ),
(ResSR(φ))
′ = ResS ′R ′ (φ′) and (IndSR(θ))′ = IndS
′
R ′ (θ
′).
(5) The map φ → φ′ commutes with multiplication with characters of S/H. More precisely: if S ∈ S(G, H)
and λ is a character of S/H, as G is identiﬁed with both G/H and G ′/H ′ , S/H = S ′/H ′ and λ can be
thought of as both a character of S and also as a character of S ′ . With this convention, if φ ∈ C(S, H,ψ)
then λφ ∈ C(S, H,ψ) and (λφ)′ = λ(φ′).
(6) The map φ → φ′ commutes with any Galois automorphism that ﬁxes F . More precisely: we view the
characters as taking values in F the algebraic closure of F . Then, if σ ∈ Gal(F/F ), S ∈ S(G, H) and
φ ∈ C(S, H,ψ), then σ ◦ φ ∈ C(S, H,ψ) and (σ ◦ φ)′ = σ ◦ (φ′).
(7) The map φ → φ′ commutes with conjugation by G. More precisely, if g ∈ G, S ∈ S(G, H) and φ ∈
C(S, H,ψ), then gφ ∈ C(g S, H,ψ), and (gφ)′ = g(φ′).
(8) The map φ → φ′ preserves the ﬁeld of values of irreducible characters. That is, if S ∈ S(G, H) and φ ∈
I C(S, H,ψ), then F (φ) = F (φ′).
(9) The map φ → φ′ preserves the corresponding elements of the Brauer group and in particular the Schur
indices. That is: let S ∈ S(G, H) and φ ∈ I C(S, H,ψ), then, by (8), F (φ) = F (φ′) and [φ] and [φ′] are
both elements of Br(F (φ)) = Br(F (φ′)). We have that [φ] = [φ′] and that mF (φ) =mF (φ′).
(10) If φ → φ′ and φ is irreducible, then φ and φ′ have isomorphic center algebras, see Deﬁnition 7.1, under an
isomorphism that preserves the correspondence. More precisely, suppose that φ ∈ Irr(S), and T , S, R ∈
S(G, H), with R ⊆ S ⊆ T , and R a normal subgroup of T . There are natural surjective homomorphisms
πt : T → T /R and π ′t : T ′ → T /R with kernel respectively R and R ′ . Then, there is a unique T /R-algebra
isomorphism β : Z(φ,πt , F ) → Z(φ′,π ′t , F )with, for every irreducible character γ contained in ResSR(φ),
the central character associated to γ corresponds to the central character associated to γ ′ under β . We
let β denote the group isomorphism
β : BrClif(T /R,Z(φ,πt , F ))→ BrClif(T /R,Z(φ′,π ′t , F ))
induced by β .
(11) Under the assumptions of (10), we have that
[[φ,πt, F ]] ∈ BrClif
(
T /R,Z(φ,πt , F )
)
,
[[φ′,π ′t , F ]] ∈ BrClif
(
T /R,Z
(
φ′,π ′t , F
))
,
and
β
([[φ,π, F ]])= [[φ′,π ′t , F ]].
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a more precise hypothesis, namely equality of elements in the Brauer–Clifford group, rather than in
the Clifford set, and more general and precise conclusions. The conclusions are more general in the
sense that the present theorem can be applied without any assumption on the character values of the
characters on the normal subgroup. The conclusions are also stronger. In (1), it describes explicitly that
θ is mapped to θ1. Furthermore, (10) and (11) are new properties. The proof of the present theorem
follows along the same lines as [3, Theorem 3.5], which shows in each case that the isomorphism
yields corresponding equalities in the groups G and G ′ for the various objects. We do not repeat
these arguments in full here. We start the proof, and then simply refer the reader to proof of [3,
Theorem 3.5], pointing out the modiﬁcations needed in the argument.
We now start the proof proper. Let F0 be the centralizer of the action of G on Z , and let F ′0 be
the centralizer of the action of G on Z ′ . The restriction of α provides a ﬁeld isomorphism from F0
to F ′0. Suppose that M0 is any ψ-quasihomogeneous G-module over F , and M ′0 is any ψ1-quasiho-
mogeneous G ′-module over F . Then [[ψ]] is represented by EndF (M0), and [[ψ1]] is represented by
EndF (M ′0). Since α([[ψ]]) = [[ψ1]], there exist a G/H-module over F0, and a G ′/H ′-module over F ′0
such that
EndF H (M0) ⊗F0 EndF0(N)  EndF H ′ (M ′0) ⊗F ′0 EndF ′0(N ′),
under an isomorphism that preserves the isomorphism α : Z → Z ′ . Let M = M0 ⊗F0 N viewed as a
G-module over F , and let M ′ = M ′0 ⊗F ′0 N viewed as a G ′-module over F . Since M0 is ψ-quasihomo-
geneous and H acts trivially on N , M is a ψ-quasihomogeneous module over F , and similarly M ′ is a
ψ1-quasihomogeneous module over F . Furthermore, it follows from the deﬁnitions, that
EndF H (M)  EndF H (M0) ⊗F0 EndF0(N)
as central simple G-algebras over Z , and
EndF H ′(M
′)  EndF H ′
(
M ′0
)⊗F ′0 EndF ′0(N ′)
as central simple G-algebras over Z ′ . Hence, there exist M a ψ-quasihomogeneous module over F ,
and M ′ a ψ1-quasihomogeneous module over F , such that
EndF H (M)  EndF H ′(M ′)
under an isomorphism that preserves the isomorphism α : Z → Z ′ . By tensoring over F both sides
with EndF (R), where R is a free G module over F of rank 1, if necessary, we may further assume that
the character afforded by M vanishes off H , and the character afforded by M ′ vanishes off H ′ .
Notice that the characters involved in the required bijection are exactly the characters contained in
the restrictions of M and M ′ to the various subgroups. An analogous situation is also reached in the
proof of [3, Theorem 3.5]. We may proceed from this point on exactly as in that proof, getting in this
way all the common conclusions of our theorem with [3, Theorem 3.5]. The new conclusion, (1), fol-
lows immediately from the deﬁnition of the bijection. The algebra isomorphism of (10) and (11) follow
directly from the algebra isomorphism. The uniqueness in (10) follows from Proposition 7.2(4). 
When we prove equality of elements in the Brauer–Clifford groups for characters arising from
different groups over some ﬁeld, the equality follows over bigger ﬁelds.
Proposition 7.13. Let F be a ﬁeld of characteristic zero.We consider that our characters have values in F a ﬁxed
algebraic closure of F . Let K be a subﬁeld of F containing F . Let G, G ′ and G be ﬁnite groups, and suppose we
are given surjective homomorphisms π : G → G and π ′ : G ′ → G whose kernels are, respectively, H and H ′ .
Let θ ∈ Irr(H), and let θ ′ ∈ Irr(H ′), let Z = Z(θ,π, F ) be the center algebra of θ with respect to π and F ,
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phism α : Z → Z ′ , which induces the isomorphism α : BrClif(G, Z) → BrClif(G, Z ′) and is such that α sends
the central character associated with θ to the central character associated with θ ′ . Assume, furthermore, that
α([[θ,π, F ]]) = [[θ ′,π ′, F ]]. Set ZK = Z(θ,π, K ), and Z ′K = Z(θ,π ′, K ). Then, the following hold:
(1) There is a unique G-algebra isomorphism β : ZK → Z ′K , such that β sends the central character associated
with θ to the central character associated with θ ′ .
(2) We denote by β : BrClif(G, ZK ) → BrClif(G, Z ′K ) the isomorphism induced by β . Then, β([[θ,π, K ]]) =[[θ ′,π ′, K ]].
Proof. Set F0 = e(F H ∩Z(FG)), and F ′0 = e′(F H ′ ∩Z(FG ′)) to be the ﬁelds as deﬁned in Deﬁnition 7.1,
respectively for G and G ′ . By Proposition 7.2(1) both F0 and F ′0 are identiﬁed under a central char-
acter with a particular subﬁeld of F containing F . Since the central character associated with θ is
mapped to the central character associated with θ ′ under α, α preserves this identiﬁcation. It then
follows from Proposition 7.3, that ZK and Z ′K are tensors of Z and Z ′ respectively, and α can be ex-
tended to an isomorphism β : ZK → Z ′K . This β sends the central character associated with θ to the
central character associated with θ ′ . By Proposition 7.4, the β is unique. Furthermore, it follows from
Proposition 7.8, that we have β([[θ,π, K ]]) = [[θ ′,π ′, K ]]. 
When a character is induced from another one, the Schur index information may not be immedi-
ately available from the inducing character. For example, both in a dihedral and in a quaternion group
of order 8, we have an induced character from a subgroup of index 2, with the same action, but
the Schur indices for the induced characters are different. However, taking a subgroup slightly larger
than the inertia group does allow one to read all the information of the induced character from the
inducing one. What we see in this case is that induction of characters corresponds to the induction
in Brauer–Clifford groups deﬁned above, see Theorem 5.3.
Proposition 7.14. Let G be a ﬁnite group, let F be a ﬁeld of characteristic zero, and suppose we are given a
surjective group homomorphism π : G → G onto a group G with kernel H. Let θ ∈ Irr(H). Let Z = Z(θ,π, F )
be the center algebra of θ with respect to π and F , let eθ be the primitive central idempotent associated with θ ,
let e be the sum of all the distinct conjugates of eθ under Gal(F/F ), and set K = eZ . Let
J = {g ∈ G: gθ = σθ for some σ ∈ Gal(F/F )},
let J be the image of J under π , and let π ′ : J → J be the restriction of π . Then all of the following hold:
(1) K is a ﬁeld and a direct summand of Z ;
(2) K = Z(θ,π ′, F );
(3) [[θ,π, F ]] = IndZK ([[θ,π ′, F ]]).
Proof. Since J is a subgroup of G that contains H , we may study the Clifford theory of θ within G ,
via π , and also within J , via π ′ . Since e is a primitive central idempotent of F H , we have that eZ(F H)
is a ﬁeld, and it follows from the deﬁnition of Z(θ,π, F ) that K = eZ(F H) is a direct summand of Z .
It follows from the deﬁnition of Z(θ,π ′, F ) that K = Z(θ,π ′, F ). Furthermore, CG(e) = J . Let M be any
θ -quasihomogeneous G-module over F . We view EndF H (M) as a central simple G-algebra over Z , and
[[θ,π, F ]] ∈ BrClif(G, Z)
is the element of BrClif(G, Z) that it deﬁnes. The vector space eM is a θ -quasihomogeneous J -module
over F , and
[[θ,π ′, F ]] ∈ BrClif( J , Z)
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follows from the deﬁnition of restriction that [[θ,π ′, F ]] = ResZK ([[θ,π, F ]]). By Theorem 5.3, we have
the desired result. 
8. The Brauer–Clifford group and the Brauer group
For the remainder of the paper, we ﬁx G to be a ﬁnite group, F to be a ﬁeld (now of any character-
istic), and Z to be a commutative central simple G-algebra. We select a primitive idempotent e of Z ,
and we set K = eZ . By Lemma 2.2, K is a ﬁeld, and it is a Galois extension of eF . Furthermore, the
extension K/eF does not depend on e up to F -isomorphism. Hence, K/F is a Galois ﬁeld extension
which is uniquely determined, up to isomorphism, by Z .
Lemma 8.1. Let A be a central simple G-algebra over Z . Then eA is a central simple algebra over K .
Proof. By Lemma 2.2, the center of eA is K . Let M denote the same underlying set as A but viewed
only as a Z -module. By Lemma 3.4, M is a free module of ﬁnite rank over Z . By Lemma 3.7, we have
that
A ⊗Z Aop  EndZ (M),
as algebras over Z . It follows that
eA ⊗K (eA)op  e EndZ (M)  EndK (eM).
Since EndK (eM) is a central simple algebra over K , it follows that eA is, as well. This completes the
proof of the lemma. 
Theorem 8.2. Let Br(K )Gal(K/F ) be the subgroup of the elements of the Brauer group of K which are ﬁxed by
every Galois automorphism of K over F . Then we have a group homomorphism
β : BrClif(G, Z) → Br(K )Gal(K/F )
such that, if A is any central simple G-algebra over Z , and [[A]] denotes the equivalence class of A in
BrClif(G, Z), then
β
([[A]])= [eA],
where [eA] denotes the class in Br(K ) of eA.
Proof. By Lemma 8.1, eA is a central simple algebra over K , so we may consider its class in the
Brauer group Br(K ). If T is a trivial central simple G-algebra over F , then K ⊗F T is a full matrix
algebra over K , and we have
e(A ⊗F T )  eA ⊗K (K ⊗F T ),
as algebras over K . From this it follows that β([[A]]) is a well-deﬁned element of Br(K ). Furthermore,
similar considerations show that β preserves multiplication. Let σ ∈ Gal(K/F ). By Lemma 2.2, there
exists some g ∈ G such that, for all k ∈ K , we have gk = σ(k). The action of g on A then provides an
isomorphism between eA and σ (eA) as algebras over K . Hence, the element [eA] ∈ Br(K )Gal(K/F ) , as
desired. 
Proposition 8.3. Let A be any central simple G-algebra over Z . Then [[A]] ∈ ker(β) if and only if A is isomor-
phic to a full matrix algebra over Z .
3642 A. Turull / Journal of Algebra 321 (2009) 3620–3642Proof. If A is a full matrix algebra over Z , then eA is a full matrix algebra over K . Hence, we assume
that A is a central simple G-algebra over Z and that eA is a full matrix algebra over K , and we need
to show that A itself is a full matrix algebra over Z . Since G acts on A and Z as algebra over F
automorphisms, it follows that geA is a full matrix algebra over geZ for all g ∈ G . By Lemma 2.2, we
have that there exist some g1, . . . , gn ∈ G such that
A  g1eA ⊕ · · · ⊕ gn eA.
Since Z  g1eZ ⊕· · ·⊕ gn eZ , and the dimension of each of these full matrix algebras over their centers
is the same for all, it follows that A is a full matrix algebra over Z , as desired. 
In a forthcoming paper, we will describe the kernel of β in terms of a second cohomology group.
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